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Abstract. By applying the covariant Taylor expansion method, the fifth lower 
coefficients the asymptotic expansion of the heat kernel associated with a fermion 
of spin 1/2 in Riemann-Cartan space are manifestly given. These coefficients in 
Riemann-Cartan space is derived from those obtained in Riemannian space by simple 
replacements. 



1. Introduction 

Motivated by studying all one-loop quantities (such as the effective action, zeta function, 
Green functions, anomalies, etc.) in quantum field theory and supergravity, the heat 
kernel K^^\x,x') in d dimensions defined by equations 

^K^'^\x,x';t) = -HK^'^\x,x';t), 

K('^)(x,x';0) = l\h{x)\-^\h{x')\~H^''\x,x'), (1) 

has been studied by many authors. Here 6^'^\x^x') is the d dimensional invariant 6- 
function, and 1 = {5^b}i ^ — det /i*^ ^, where /i" ^ is a vielbein. The most general 
elliptic second order differential operator H for a fermion = {tp^^x)} of spin 1/2 in 
curved space with the torsion, i.e. in Riemann-Cartan space is expressed in the following 
form, 



with 



H = D^D>' + 2Q^D^ + Z = b^b^' + X (2) 



X This article is that the explicit form of [a^] (g = 1, • ■ • , 5) is added to the proceeding of the 9th Marcel 
Grossmann meeting 
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Q, = \r^c^p,, X = Z- Q^^^, - Q^g^ h\.,^ ^ D,h\ = 0, 

where uOab^l is the Ricci coefficient of rotation, Cap^ a totally antisymmetric torsion 
tensor, and an arbitrary vector gauge field. The local quantity Z stands for 
matrices for the spinor with non-differential operator. The metric tensor is given by 
Qfiu = h°-^h^^riab with rjab = diag(-l, -1, ■ ■ ■ , -1). 
The commutation relation of is given by 

[D,,D,]^|J = CA,u + C\M^ (4) 

with 

A^. = + V^(C + Q), - V,(C + Q)^ + [(C + Q)^, (C + Q),], 

A,, = ^r^'Rap,. + ^F,,, C, = li'^^C^p^, (5) 

4 o 
where RajSfiu and F^j/ are the curvature tensor in Riemannian space and the field strength 
of Afj_ respectively, and means the Riemannian covariant differentiation. 



2. Explicit form of asymptotic expansion coefficients 

One can solve (1) by the expression according to the De Witt's ansatz. 
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where a{x,x') and A{x,x') are the geodesic distance and the Van Vleck-Morette 
determinant between x and x', respectively. The asymptotic expansion coefficients [a^] 
of the heat kernel are obtained as the coincidence limit {x —>■ x') of aq{x, x'). The explicit 
expressions of [a^] [q = 1, - ■ ■ ,5) are written in the following form [Q], 

[a,] = P = -i]:Rl + X), (7) 
o 

+ \{\ri + x\; + \{\ri + x)\ (8) 



36 30 ''^ 30 ''^ 90 

10 ^ 30^ ' -'45 180 ^ 
L RA A''" 3- i?''''A A + — B^^P^A A 

+ if - — i?// - —R^^'Ray + —R^''R„,„ " - -^R.R'^ 
V 280 ^ 420 630 ^'^'^ 5040 ''^ 



280 ^ 420 630 5040^ 

11 1 1 

RR ^ WP'^'^R H R B^"''' -\ R R'^^''' 

180 105 ^^^-,P-+ 2520 ^ 1260 

B \ B^''^'^'^ — i?^ i?'' B^ H ^ i? B B^P""' 

560 ' 5670 P 1890 ^ ^ 

1 4 

p TDixXpa rfv J p pjUi/kA ppc 

270 " 2835 '^^ 

22 1 

I p TDiiKuX r>P <^ I TD( ID -Qp.i' p r>fiupa\\ 

2835 '"^'^ 1080 ^^^P'^ V' 



120 



11 13 
280 ^ ^ 1680^ ' ^^^^ 2520^ ' ^^^^ 



+ ^ 



140^ •'^ 3 '^^^ 2 ^^ 3 ^ 

+ ^{P, (P., - Ij.m'" - Ir'^'^w.^ + ^-/.)} 

5040^ M 5 MA 5 y g^QV i^^P 5 /^i^PA 5 y 



5 



where 










{ap\n\o), 


yap = —^\{al3) - 





(12) 
(13) 
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315 ^ 315 

+ ^M/(2)^p.r«A(^(i?''"/C'^'^"^ + R'^'JC^"^) + ^RP-IC^--^ 

8 1 84 32 

I R^^IC.^'^'^^ ■pp.pY'vaKX I Y'p.vK j^paXu) 

75 99 25 



184 
"99 



722 40 1 49 
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^<^«/^T^75 297 45 ^ 

45 297 

-I- A. ^jyA.T-tjTrpalgg'^ '^'^ 35 '^'^'^ 

+ IC ^^ICrpaU^iR^'^R'" + R^'^R"') + ^i^'^^'i?'^'^ 

on on 1 1 no 

63 ^ 63 ^ 315 ^ 



^Q6 9Q8 
315 315 



5Q6 9Q8 
315 315 " 

+ IC^^^^^ICrpa^xi^R^'R'" + ^R' ^IC'^'^n 

32 16 

+ }C^,/'^}Cp^Xro.(T^(R'"'}Cf"'''^ + Rt'^K.P'"''') + —R^^'^JCf""'^ 

92 184 92 

99 99 99 

n 92 n 92 596 

315 315 ^ 315 

8 32 8 

^ 15 25 75 

1 84 

99 

3392 

H i?^ i?" 7?^ i?'^ i?^ 

31185 °" 

I / -LUU^ TDUV T>p TDK dA(T DM TDKV rtp dA<T\ 1^ 

+ I —It it ^it \lt rV ^it It \It jr^iiuna 

^ 14175 " ^ 945 " ^ ^ 

704 32 

4736 23552 

+ ^ rR .R A-j^RppKxR +j^R,KpxR 

1984 jyuXaK _|_ i^kA t^o- \ 

23392 

^^^-^^ „H jyp per tdvtkX d 

51975 ''^''^ 
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1 SQSfi 4288 

31185 i^^A 31185 rio^iJ 

32 

51975 2835 '^'^'^ '^ a o- 

_ p Ti ^ r r> \ K _ ^5 p p pra;KA 

14175 '^'^'^ '^ l/^l'je^ I^P'^'^ '^'^'^■^ 

_ ^^^'^ r> n\T> TWT> I ^^^^ p p Ko; p At 

14175 -'^o-Art^ "T ^^^^g-fi^p/tA-n-i/T -'^o-w 

I 2560 , , . I 2048 « a 

6237 " 155925 ™ 

256 128 

^ ^o\j TjTKuiX _|_ " p p prAwK 

14175 j^gyg -'''/iT/9W-'''i/K(7A-''' 

I "^28 „ p ^'^ F? 1664 TKUj p A 

"T 575 ^^ -'•'ctA™ 14175 '^^'^'^ '^ 

64 1184 

jk" p T/to) p A jk" p tdtojkX 

2835 '^'^^ -"-CTT w ^^25 '"'^z''^^'^'*-^ 
32 

21 76 1 088 

I p/i!^ / p P pTpK<T pA W _ p R TDPCTTU) T>k\ 

it 155925 '^^ p 31185 '^'"^ '^^ 

p P ^ TDpKTLO T3cr\ I p P ^ DprauJ tjk A 

155925^'^''^ '^'^^ ^'^ 155925 '^'"'^ '^'^ ^ 

32 256 

I p R Dprcru! p/t A p f? k^pKTU! J^fA 

945 '^^ '^ ^ w r 2025 '"^'^ '^ ^ 

128 1216 

p P DprXui r>a k 2_ P R ^ iDprXw per k 

2025 '"^'^ '^ A-**- r a; 17325 '"^'^ '^ u; T 

21 76 208 

z,L lyj ^ TypXru) z><tk _ pr P'^"" tdpcfkX 

155925 cr-n-i^KTrA-n- -n- ra; 2835 Trpo--"- kA""- 

I y~ T3P per TT tdkujXt _ ^^^^2 p p rfpaunr -dkXt 

2835 '^'"^ kttA-"- r w-'^ 155925 '^'"^ '^'^'^ 

^'^^2 p T) Tuj T) P pcrKwX I 14048 pr AwTT TfpKcr 

155925 ^ 155925 ""^^ 

280Q6 32 

P P z>Tizu)X T3pKa I p p TyrnuiX r>p csk 

155925 '^^'^ '^'"^''^ TT ggg -'''//TKa;-'''l'pA(T-''' ^ TT 

1024 32 

p r) TLO ppvTKA po- I '-^ p ry T LU Ttp-KnX pcr 

5792 r> u> T TfpKKX per I V- y^TUipa p ttkA p 

51975 '"^ o- -'^ -'^ ttkA ~f 1575 P ^anKX 

351 2 

'-'^-^■^ p pTTTper p p ojkAn 

17325 '^'"^ '^'^^ ' 

8 1 28 

zffMUinv rtv t)PTkX rtcr , p rflMjj-KV p ryVKTX r>P f 

525 ^^''^ wTTf-'^ tkA "T 7245 '^'"^'^ -'I'rwTru-n- -n- «; 



to; 



+ 
+ 



oo 608 

p TDiivuLU r> TyTKirX tdP cr _ p iDfivvui p TyrKirX per p 

2025 '^'"^'^ ^^'^^ K A 51975 '''"^'^ -'''tiraJTr-''' K A 

p Tfuvvuj ppriTTr pK A p p t>ij,vvu> r>pT<T77 r>K A p 

^rjrj^J^lxpv(jJ^ ^ ^ V r AwKTr 2,02,5 '^'^ V 7r-'''Aa;«T 

25fi 512 

p ry^vuu) TjpTaTT tdkX p _i_ p rfpvuuj rypran pKA p 

jk-'/ii^uo; y^pam p/t A p t-^ rfUVKU) riv A p/"" pc 

^^25 /^''/^'^ -n- t-^-k^Att 155925 '^'^'"^ " '^^'^ 

10624 TDpvKUJ T3U X ppr TT per 

155925 '^'^'^ " ^^'^ 

88 41 fi 

p / P^'^ fi"^'^ R^"^ TDnXpa I jjpumv p jdpctkX 

^p.vpa\ 2835 TTT-''' kA-'*' ~r 'J^25 ^TUJnv-^ kX^ 

41 fi 8S2 

6237 T-^>^Kn - g237 t;T-"'KAw7r 

1 28 32 

JDUKVUl p^mU TDP X TD<T TDUVKIXI TDp X JDUT IT Jja 



31185'" " ^ '^A^ 2025 " ""^^ 

73fi 1 28 

I TDp,VK(jJ pp A Pi^''" 1" Pf p/iUKO; pfc" A PPI" TT p<T 

^ 155925 ^ - X ^ ..r g237 ^ - « ^ .Ar 
1 28 1 28 

I ^■^O j^nnvu) UP TIT Tjv rja X , -L-^O jynKVU> rtp TTT jyu jycT X 

31185 ^ K ^ tXv^ u; tt + 31^85^ ^ K ^ vXt^ TT UJ 

256 128 

TDUKVijJ DP TTT Dt'A DIT J-^u tJUKVUI TDVT TT DpA DCT 



31185"" ^'"'^ 10395 '"^^ 

^^^^ ppKULJ pI^T TT pp A piT 5\2 -QiJ^fiyLO TDVT TT T3p X Tfa 



31185 " V r i^^n 3^^g5 

256 256 



31185"" "~ ^ 31185 ''^ '"^'^ 

256 256 

-DUKVU) XTTTTV TDpX r>(J I TDUKViO DP TTT DJ^A DO" 



31185"" « '^^'^ 31185 ^.r <- ttAo; 

128 512 

r>pKvui rip TTT TDvX per r>iJ,Kvu> jdu pp paArTr 

10395 ^ . ^ .r^ a;A. g237 ^"'^ '^^^ 

512 256 

I rfpKVui z>pX ryu pu ttt r>HKVu) ppA pi^ pi^r tt 

6237 "'^ Attt-"- k 51975 ^'^ tAtt-"^ k 

13568 ■Qp.KVUi TDpX TDV pervr r ^"^^ rfP-KVOJ TiP V^v v^aXr-K 

n n .,,,,n _\_-rt „ n n \,,,,,a^ ^^^a^ 



155925"" "" 51975 '^^'^ 

+ (31) 



^ a/3/ii — -^a(;ii|^|/i2,/i3--/in)) 

A " = A" 



v-'a/? _ Ai - Afc 

IJ.i---p.n{2k) — /il---/inAl-Afc 5 



X 



...... 



p.i—IJ.n{2k) 



M Ai-Afc 
'/ii— /i„Ai---Afc 



(/il!/i2---Mn)' 



= y\a: Ai— Afc 



X, 



(32 
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and the exclamation mark means the differentiation of ': /x' or in the case that 
the torsion tensor in is ehminated, 

= (V + C + Q)^I = + {C + Q)^I, 
= (V + C + Q)Ji^ = Ji^,^ + {C + Q)J\^, 
Kuip = [( V + C + Q)„ A^,] = A^,,p +[{C + Q)„ A^,] . (33) 

3. Discussion 

The covariant Taylor expansion for a function /(x') at x'^ with respect to D^'a{x, x') 
includes the expansion for the function with respect to the geodesic normal coordinate 
yfj. _ J.//! _ ^/j. satisfying 

f%(y)i/V = r%(2/)?/V = 0, 

y^n.ix') ^ yn\l^'^ab, + C, + Q, + iA,}iy) = 0. (34) 

In the case that x is close to x', the conditions (34) are obtained from Da''^ = a''^ and 
a'^D^I = 0, respectively, because a''^' ~ y^, 1^1 and I-^ ~ 0, where / = oq. The 
geodesic normal coordinate expansion for h"" ^, ^, g^^ , log (<? = det g^j^y) and 17^ at 
x^ with respect to is expressed by the covariant expansion coefficients for 6^^' = a'^\, 
= (^-^)\m G^''^' = C = ln{det(-/3^;,)}"'/' and = P\J-'DJ 

respectively 0, 

OO -1 _ 

OO _ 



n=0 

OO -j^ 



n=0 



OO 1 

log|^|(x')=4 5:-C;.,...,„(x)2/'^^---2/^", 



n=2 



OO -| 

= E -A,,,...,S^)y^' ■ --y'"- (35) 



n=l 



The expansion for g^^{x') and log|(/|(x') are independent of the torsion tensor, though 
^{x') and /i^ ^(x') depend on the torsion tensor. The torsion tensor is included in 
the expansion coefficients of f2^(x'), in the form of (C + Q)^, and appears in A^j,, X 
and their derivatives in the coefficients [og] . In conclusion, the coefficients [a^] obtained 
by starting from Eq. (^ in Riemann-Cartan space is derived from the final form of [og] 
obtained by starting from V^V^+Z in Riemannian space by the simple replacements 
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